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1. Introduction 



One-loop amplitudes of gluons in supersymmetric gauge theories possess many re- 
markable properties. One of them is that they are four-dimensional cut constructible 
This means that the amplitudes are completely determined by their unitarity cuts. 

Recently, a new method for computing certain unitarity cuts of one-loop amplitudes 
in A/" = 4 gauge theories was proposed in ^ . The method uses the fact that unitarity cuts 
can be computed in two ways. 

One is by a cut integral, where two tree-level amplitudes are connected by cut prop- 
agators. The other is by computing the imaginary part of the amplitude in a certain 
kinematical regime chosen in order to isolate the given cut. 

In general, the amplitudes of interest are not known. However, they can be written 
as linear combinations of scalar box functions with unknown rational coefficients in the 
kinematical variablesB 0,^^ . These functions are completely known in terms of logarithms 
and dilogarithms [|T0| . 

The key observation made in is that if a given first-order differential operator acts 
on the cut integral to produce a rational function, then the operator must annihilate the 
coefficients that multiply the scalar box functions in the amplitude. This ensures that the 
result of applying the operator to the imaginary part of the amplitude is also a rational 
function. 

The problem of finding the unknown coefficients in the amplitude is thus related to 
that of comparing two rational functions. 

The rational function obtained from the action of the operator on the imaginary part 
of the amplitude naturally comes out as a sum over "simple fractions" . On the other hand, 
the rational function that comes from the action of the operator on the cut integral comes 
out in a compact form. 

The aim of this paper is to provide a systematic method for carrying out the reduction 
of the latter into the form of the former. Once this is done, the unknown coefficients in 
the amplitude can simply be read off by directly comparing the two expressions. 

In P] , a simple prescription was given for finding suitable operators for cuts where at 
least one of the tree-level amplitudes in the cut integral representation is maximally helicity 
violating (MHV). The idea is that when amplitudes are transformed to twistor space, they 
are localized on simple algebraic sets W^. In particiilar, MHV tree-level amplitudes are 



^ This is strictly true in the spinor-heHcity formahsm of [^,|5|,p. 
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localized on lines. In [|TT|, differential operators for testing the localization of gluons on lines 
(collinear operators) were introduced. By using the holomorphic anomaly of unitarity cuts 
found in by combining the results of |]T^ and [1^], one can prove that these operators 



can only produce rational functions when acting on the cut integrals [0]. 

We also find that all unitarity cuts of next-to-MHV n-gluon one-loop amplitudes of 
any helicity configuration satisfy the requirements to be computable by our method. This 
extends the class of amplitudes given in from 2~, 3~, 4+, . . . , 71+) to amplitudes 

with three negative helicity gluons in arbitrary positions. 

One-loop amplitudes of gluons that are known explicitly are very rare. The largest 
set is known for A/" = 4 amplitudes, where all n-gluon MHV amplitudes are known . In 
addition to this series of amplitudes, only the six-gluon next-to-MHV one-loop amplitude 
with any helicity configuration is known f^. 

In this paper, we illustrate our general method by calculating the seven-gluon next-to- 
MHV amplitude ^7.1(1", 2~, 3~, 4"'", 5"*", 6"*", 7"*"). This calculation involves the computa- 
tion of the coefficients of thirty-five scalar box functions. This is the first amplitude where 
the three-mass scalar box function participates. 

This paper is organized as follows. In section 2, we explain the systematic reduction 
procedure that produces the coefficients of the scalar box functions in the amplitude. In 
section 3, we apply our general method to the calculation of the seven-gluon amplitude 
A-i--i{l~ , 2~, 3~, 4+, 5"*", G"*", 7~^)- In section 4, we write down the explicit form of the coeffi- 
cient of the thirty-five scalar box functions that participate in the seven-gluon amplitude. 
In Appendix A, we give the explicit form of the scalar box functions and discuss their 
infrared singular behavior. In Appendix B, we prove that we our method gives complete 
information about all next-to-MHV amplitudes with any helicity configuration. 

Throughout the paper, we use the following notation and conventions. The external 
gluon labeled by i carries momentum pi. 

Sij = 2pi-pj = {i j], 

1 = (p^ + p.^^ + ■■■+ Pi+r-lf, (1.1) 
{i\jr+jr+l H ^js\k] = {i jr)[jr k] + {l jV+l)[ir+l k] ^ h js)[i js]- 

Note added in third version: 

The reader will be interested to know that the seven-gluon amplitude with the helicity 
configuration ( h + + +) has now also been computed in |]15|, along with all other 
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helicity configurations, using the direct unitarity method. (Please be warned that the first 
version of our paper contained a typo in the coefficient ^3^4 and a corresponding typo in ^2,3, 
which was obtained by a permutation of labels.) It is interesting to note that, according to 
||T5[] , the reduction techniques of the direct unitarity method give "quite large" formulas for 
the coefficients. One advantage of our method is that we derive the coefficients analytically 
in a simple form. The authors of [|15[ were able to produce similarly simple formulas by 
postulating ansatze that were checked numerically at random kinematic points. 



2. General Reduction Techniques 

One-loop amplitudes of gluons in supersymmetric gauge theories are four dimensional- 
cut constructible. This means that knowing the discontinuities of the amplitude is enough 
to fix the amplitude completely Having QCD computations in mind, one should 
consider one-loop amplitudes in A/" = 4 super Yang-Mills as well as one-loop amplitudes 
with an A/" = 1 chiral super multiplet running in the loop. 

Even though we concentrate on A/" = 4 amplitudes, it should be kept in mind that 
everything is valid, with some minor modifications, for M = 1 amplitudes. 

The problem at hand is the computation of the leading-color n-gluon one-loop = 4 
amplitudes. This is the part of the full amplitude proportional to A^Tr (T"^ . . .T""). 

These amplitudes can be written as linear combinations of scalar box functions, which 
are listed explicitly in Appendix A. (For J\f — 1 one also has to include scalar triangle and 
bubble functions.) 

= E Uf^7 + Y.^r,F^,- + Y.dr,F^^-/ + Y.9ry.F^^:r'-,-] ■ (2-1) 
i=l \ r r r,r' j 

This means that computing the amplitude is equivalent to computing the coefficients. Note 
that we have not included four-mass scalar box functions. The reason is that for the classes 
of amplitudes considered in this paper these cannot appear, as proven in [^. 

A new technique to compute these coefficients was proposed in [Q. The basic idea 
is to compute the unitarity cuts of ( p.l| ) using the holomorphic anomaly found in |T^ . 
Here we present a systematic procedure to carry out the proposal of that is directly 
applicable to all cuts of next-to-MHV one-loop amplitudes. 




Fig. 1: Representation of the cut integral. Left and right tree-level amplitudes are 
on-shell. Internal lines represent the legs coming from the cut propagators. 



Consider the unitarity cut in the (z, z + 1, . . . , j — 1, j)-channel. This is given by the 
cut integral 

C'i,i+l,...,j-l,j = 

j d^A''-%{-h),i, z + 1, . . . , j - 1, i, (-£2))A*-^(^2, J + 1, j + 2, . . . , z - 2, z - 1, £i), 

(2.2) 

where is the Lorentz invariant phase space measure of two light-like vectors (^1,^2) 
constrained by momentum conservation. We find it useful to define ii and £2 as in fig. 1. 
We follow the conventions of 0. 

This cut can also be computed by the taking the imaginary part of the full amplitude 
in the kinematical regime where = {pi + Pi+i + ■ ■ ■ is positive and all other 

invariants are negative 

It is now clear that computing Ci^i+i^,,,j-ij provides information about the amplitude 

via 

Ci,i+l,...,j-l,j = Ini|^[i-i+l]>Q^n;l- (2.3) 

The class of cuts considered in are those for which one of the tree-level amplitudes 
in (|2.2|) is an MHV amplitude. All next-to-MHV amplitudes have this property. If all 
three negative- helicity gluons appear on the same side of the cut, then the amplitude on 
the other side of the cut either vanishes or is MHV. If one side of the cut has exactly 
one negative-helicity gluon, there are three cases to consider for the helicities of the cut 
propagators on this side. If they are both positive, this tree amplitude vanishes. If exactly 
one is positive, then it is MHV. If both are negative, then their helicities are positive 
viewed from the other side of the cut, so that side is the MHV amplitude. 



Let the left tree- level amplitude in (|2.2| ) be the MHV amplitude |1C 



^'^''''''((-^i), + !),•• -^J^ (-^2)) = (2.4) 

[il Z + 1) • ■ ■ (j - 1 l2){^2 h) 

Using this in ( p.2|) we have 

Ci,i+l,...,j-lJ = 

Ik m)"^ 1 (2-5) 

(z Z + 1) . . . (j - 1 j)(£2 ^1) (^1 4) 

The basic idea is to find a differential operator of first order that produces a rational 
function when acting on the cut (|275|). Let O be such an operator. Then OCi^i^i^,,,j-ij 
is a rational function. A simple prescription for finding such operators and for computing 
the rational function explicitly was given in 0. We postpone this for the moment; we do 
not need the explicit form of the operator in what follows. 

Consider now the action of O on ( p.3|) , i.e., 



OC,,,+i,...j_i,, = O Im|^u-,+i] (2.6) 

i 

Since the operator O is of first order, it produces two terms for each term in the amplitude 
( p.l|) : one term when it acts on the scalar box function and one more when it acts on 
the coefficient. It turns out that the imaginary part of each scalar box function is the 
logarithm of a rational function R of the kinematical invariants.ll Therefore, when O acts 
on the logarithms it produces rational functions. However, when it acts on the coefficients, 
the logarithms survive. In it was proven that the only way this can be consistent with 
the fact that OCi^i+i^,,,j-ij is a rational function is that O annihilates the coefficients. 
This means that we can write OCi^i+i^,,,j-ij schematically as follows: 

OCi^i+i,...j-i,j = "^ak ^-^^\ (2.7) 



where stands for a general coefficient in ( p.l|) , and the sum runs over the terms produced 
by all box functions that develop an imaginary part in the kinematical regime of interest 
for this cut. 



^ This is not true for the four-mass scalar box function, but as proven in Q these do not 
contribute to the cuts we consider. 
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Now we can clearly describe the mathematical problem involved in the calculations of 
the coefficients a^. 

From the action of the operator on the cut integral we find a rational function 

P 

CC'i,i+i,...j-i,j = TyFT-ft^ (2-8) 

where P, Q and Gk are polynomials. Generically P is not annihilated by O. On the other 
hand, we have defined Q such that OQ = 0. All other factors in the denominator that are 
not annihilated by O become one of the Gk- 

The problem is to find a way of writing ( |2.8| ) in the form ( |2.7[ ) in order to read off the 
coefficients. It is important to mention that every ak is annihilated by O; this was proven 
ini. 

The way to deal with this problem is to realize that for any two functions Gi and G2 
satisfying 0'^{Gk) = 0, the following combination 

H{Gi, G2) = 0{Gi)G2 - 0{G2)Gi (2.9) 

is annihilated by O. In the calculations we have done, the factors Gk arising from the cut 
integrals all satisfy 0'^{Gk) = 0, and we believe that this property is satisfied generally. 

Therefore, any rational function with both factors in the denominator "splits" as 
follows 

QG,G2Y\:kGk QY[kGk\ G^ ) HiG.^G^Y ^ 

where means a product not including Gi or 6*2. 

It is clear that this procedure can be repeated as many times as necessary until the 
original rational function (|2.8|) is written in the form 

P V ^(^^) (2 11) 

QYlkGk ^Qk Gk ' ^ ' ' 

This formula is very similar to what we want ( |2.7| ). However, the procedure just described 
only guarantees that OQk = 0, but in general the same is not true of Pk- Recall that the 
coefficients ak, which we are after, are annihilated by O. 

The way out of this problem is to realize that near a kinematical regionl where a given 
= we should find 

^ - ai. (2.12) 



We thank Oleg Lunin for suggesting to look at this particular regime. 
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Since Pi is a polynomial, this implies that Pi admits an expansion of the form 

oo 

Pi = Qiai + J2 h^Gir, (2-13) 



m=l 



where most terms in the sum are zero because Pi has a finite degree. Note that Pi — Qiai 
is a polynomial divisible by Gi. Therefore it can be written as Pi — Qiai = GiXi, where 
Xi is some polynomial. We think of this as a kind of "polynomial division." 

The decomposition of Pi in the form ( |2.13D is easily done by introducing coordinates 
where Gi is one variable and all other variables are kinematical invariants which are anni- 
hilated by O. This guarantees that Qiai is annihilated by (9, as it should be. 

After this is done for each Pk in (2.11), we are left with 



Comparing ( 2.14 ) to (|2.7| ) we find that a miraculous cancellation must take place, namely 



J2^O{G,)=0. (2.15) 

k 

Indeed, we find this cancellation in all the cuts considered in the next section. 

In practice, the splitting procedure is done most efficiently as follows. The operation 
performed in ( ]2.1UD splits the rational function into two terms, such that Gi appears only 



in the denominator of one term and G2 appears only in the denominator of the other. 
To determine the coefficient P\IQ\ in ( |2.11| ), all we need is to isolate the factor G\ from 
all other factors G^, one factor at a time. That is, if k runs from 1 to r, we apply the 
operation (|2.10|) r — 1 times, and each time, we keep only the term with Gi remaining in 



the denominator. The result is that 

Thus, computing all r coefficients (before performing the polynomial division) requires a 
total of only r(r — 1) operations. The point is that it is most efficient to obtain first the 
coefficient of one factor, dropping terms that do not contain it, and then start over for the 
next factor. 
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2.1. Collinear Operators 

The question is now how to construct differential operators that produce rational 



functions when acting on the cut integral (|2.2|) . In a simple prescription was given. 
Consider any operator Fijk that tests whether gluons z, j, and k are localized on a line in 
twistor space. (These operators were originally introduced in section 3 of [rT|. For a short 
review see section 2 of [0.) 

These are defined in the spinor-helicity formalism of [H|,|5|,H] as follows: 



F.,M = (M-)J- + (^0j- + 0-^)^, (2.17) 

k j i 

where d is a negative chirality spinor index. Therefore Fijk-d is a spinor-valued differential 
operator. 

In the following, it will be convenient to introduce a fixed, arbitrary, negative-chirality 
spinor 77" and consider 

[F^Jk.v]=e'\aF,^,.^i,. (2.18) 

Note that the brackets in ( |2.18| ) are meant to indicate the inner product of two negative 
chirality spinors and not the commutator of operators. 

Naively, any operator that tests the collinearity in twistor space of three gluons in 
the MHV amplitude of ( |2.2| ) annihilates the cut integral. This is because tree-level MHV 
amplitudes are localized on a line However, it was found in [l^] that the cut integral 



has a holomorphic anomaly that spoils this result. Instead, the collinear operator produces 
a delta function that localizes the integral completely when ii or £2 participates in it. 
Therefore, it produces a rational function. 

Going back to the particular cut integral (|2.2|), it turns out that the only collinear 
operators that localize the integral are those of the form [Fiki,rj] and [Fkij,r]], where kj 
are any gluons participating on the left side of the cut.S 

Consider for example the action of the collinear operator [F^ i_|_25 ^] on the cut 
integral Ci,i+i,...,-,-. 

In order to describe the rational function very explicitly, we have to exhibit the explicit 
dependence on the spinors A^^ and A^^ of the tree- level amplitude on the right in (|2.2[) : 

A^'-^^(£2,i + l,J + 2,...,z-l,£i)=A*'--(£2,i + l,J + 2,...,z-l,{A,„A,J). (2.19) 



Of course, if fc or ^ is equal to i (j) then the operator [Fiki,'!]] ( [Fkij,r]]) vanishes trivially. 
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Now we are ready to write the action of the operator ^ll: 

[-^i,i+l,i+2, vlCi, 



+ l,i+2, '/J'^i,i+l,...,j-l,i — 

^ {i + ii + 2)[ir]] oil 0.9 1 JA nil 

M 5T /■ ■ I i\ T r~V — — A / ■ /7 \ — ^ ^^2, J + i, J + ^, . . . , z - i, |Ai,tAi|J, 

(2p, ■ Pl) (z z + 1) . . . - 1 j) (£2 ^2) 

(2.20) 

with 

p2 

i2 = PL-tp^, ^=(2^^^' =P^+P^+l + (2.21) 

AU we need is to put the exphcit form of the tree- level amplitude on the right, make 
the substitutions and apply the procedure described above with the generic operator O 
replaced by [F^ i_|_25 v]- To reconstruct the whole amplitude, we need to know that the 
coefficient of every scalar box function in (|2.1| ) can be calculated from one of the cuts. This 
is proven in Appendix B. 

To illustrate this technique, we compute the full next-to-MHV leading-color J\f = 4 
seven-gluon amplitude A7:i(l~, 2~, 3~, 4+, 5+, G""", 7+). 



3. Computation of ^7:1(1", 2", 3", 4+, 5+, 6+, 7+) 

In this paper, we compute the seven-gluon amplitude with the particular helicity 

configuration ( h + + +). All other helicity configurations of seven gluons could be 

computed in just the same way, with no new ingredients. 

The amplitude ^7.1(1", 2~, 3~, 4+, 5+, 6+, 7+) is expressed in terms of thirty-five box 
functions. We abbreviate the indices on the coefficients of (|2.1|) for simplicity. 



(3.1) 



A7:i(l-,2-,3-,4+,5+,6+,7+) = 
7 



i=l 



Ten of these were already computed in from the C123 cut, namel 

64 = C5 = Cf2,2 = d3^5 - ^ 



[1 2][2 3](4 5)(5 6)(6 7)(4|2 + 3|1](7|1 + 2|3] ' (3.2) 

Ci = C2 = (i2,6 = <^3,1 = 92 = 94: = 0. 



^ A similar formula was obtained for MHV one-loop amplitudes in |17]. 

^ We conjugate the coefficients of , which were derived for the seven-gluon one-loop amplitude 
A7:i(l+, 2+, 3^, 4^, 5^, 6^, 7^) with the opposite helicity assignments. 
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Here we have defined 



{i\jr+ jr+l ^ \- 3s\k] = {i jr)[jr k] + {i jr+l)[jr+l /c] H h (i js)[js k]. 

We apply our reduction technique first by applying [^456,77] on the cut C456. This 
yields five more coefficients. Next, we apply [-F712,??] on the cut C712. This calculation 
is slightly more involved, because here it is possible for fermions and scalars to circulate 
in the loop. We find seven more coefficients. We can obtain corresponding results for 
the cuts 6*567 and C234 simply by permuting the labels, for nine new coefficients. At this 
point we have found thirty-one of the thirty-five coefficients. The remaining four are easily 
determined by the known infrared behavior of the amplitude. 



3.1. The Cut C456 

The cut C456 is given by 
C456 = Im|^[3]^Q {ciFjJ.^.i'' + d2,2FjJ^.J' + ds^4F^!^.J^+ 

+^7-^7:7^ + '^4-^7:2^4'^ + C5-P'7:2^5'' + '^2,5-^7:2^5'' + "^3 , 1 -^7: 3^ l'' + fi'5-^7:2^2;5 + 97F^'S:2-t) 

(3.3) 

or by the cut integral 



C456 = j d^i A*'--((-£i)-,4+,5+,6+,M2)-)A*-^(^|,4,7+,l-,2-,3- 



(3.4) 



Note that in this case only gluons can run in the loop and that the five-gluon tree-level 
amplitude is an MHV amplitude. According to the general discussion of section 2, we 
should consider the action of the coUinear operator [^455,77] on both ( p.3|) and (|3.4|) . 



The first step is to calculate the action of the collinear operator [F456, rj] on C456 given 
by (|3.3| ). Note that the three box functions in the top line of ( |3.3[ ) are annihilated by the 
operator, so we cannot calculate those coefficients directly using this operator. Let us list 
the imaginary parts of the relevant scalar box functions in the kinematical regime where 
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^4^^ > and all other invariants are negative.S 



Im 



>0^7;7 



t 



[3]- 



In 1 - 4^ 



t 



[3] 



In 



In 



In 



+ [3] 



[2] 



In 1 - 4^ 



t 



[2] 



[2], [3]' 



In 1 - 



In 1 



t 



[3] 



[2] 
3 

^[3] 

f 

[3] 
4_ 

m 

[3] 



[3] 



.[3] J3] 

.[2], [3]' 
^4 

tg t4 

[2]- 



-4^ +ln 1-4j, + 



+ ln 1 



+ ln 1 



4^ + In 1 - 4^ 



[3] 

4 

if 

,[2]- 
4_ 

[3] 

4 



+ In 



+ 



- In 1 - 



In 1 



.[3]' 



.[2] J2]- 
5 2 

'-4 ''S 

.[2] J2]' 
''4 

J3U3I 
t-6 t4 ^ 



+ 



+ 



+ 



(3.5) 



The ellipses represent terms that are annihilated by the coUinear operator [F^^Q,rj\. In 
other words, the terms represented by ellipses depend on ^4, ps, and pe only through the 
combination P4 + P5 + Pe- 

Now we can compute the action of the coUinear operator on C456 given by the imagi- 
nary part of the amplitude (|3.3|) . Here we denote [^456,^7] by O in order to make contact 
with the general discussion of section 2 and to avoid cluttering the equations. 



456 



h7 



J2] J2] 
C4 C5 



C5 



^[3],[3]^ 

''4 ''S y 



J2] J3] 
^5 ^1 



.[3]J3] 
t4 



C4 



^[3],[3]^ 

''S '-4 , 



J2] J3] 

(.4 t,y 



.[3] J3] 

tg t.4 



2,5- 



J2] 



+ ^3, 



.[2] 



-^5 



J2]J2] 
''S ''2 



.[3]. [4] 
64 t.5 



^7 



J2]J2] 

64 



J3],[3] 

te t4 



+ (-67 + C4 + (is,! + gi) 



0{t 



[3] 

4 



t 



[2]^ 



[3] J2] 



+ (-67 + C5 + (i2,5 + 



t 



[2]. 



t 



[3] _ J2] 
/I 



(3.6) 

We have written in the first two lines the contributions from the poles that uniquely identify 
a given scalar box function. This is manifest from the fact that only one coefficient appears 



^ In these expressions we suppress an overall factor of tt. 



11 



in front of each of them. On the other hand, the poles in the third hne are common to 
several box functions and so their coefficients are linear combinations of the scalar box 
function coefficients. 

We now turn to the computation of the action of the coUinear operator on the cut 
integral representation of C456. The cut integral ( p.5|) is written as 



{ii 4) (4 5) (5 6) (6 £2) 
where for the tree-level six-gluon amplitude we use a result from ||T8|JT9| 



^^^^(1-, 2-, 3-, £+4,7+) 



13 =[£2 7](2 3)(l|£2 + 7|£i], 
7= [£i i2]{l 2)(3|£i+£2|7], 



{i 3) 3] 



Ujk = {i M 3] + {i k)[i k] + {j k)[j k]. 



(3.7) 



(3.8) 



This amplitude could be written in terms of the MHV diagrams of [^. In this case, the 
formula in ( p.8|) is simpler, but for more gluons we expect the MHV diagrams to be most 
efficient. 

The integral (|3.7| ) is of the form analyzed in section 2. Here we want to compute 
the action of [-F456, t]] to C456. We can simply apply the general formula ( p.20|) to get the 
result. Note that ( ^.2U| ) is the result of the action of the operator on a single pole. In the 
case at hand, the operator [^455,77] acts nontrivially on two poles, namely 4) and 

1/(6 £2)- This only means that we have to apply ( p.20| ) twice and add the results. 

Consider first the action on the pole 1 / {ii 4) . We find 



([i^456, ^1^456)^^^* 



[4 vKtfr 

(5 6)tf 



[2], [2] 



_ ^[3],[3]w,[2] [4] 
2 ''4 '^2 Jl'-S ''4 



^[3],[3]x,[2] [2] [2] 
^4 jij i2 '■S 



+ 



7? 



J3].[2] [2] [2] [3] 



+ 



A7it? 



J3]/.[2] [4] .[3] [3]x [2] [2] [2] [2] 

^4 [i^ t4 t4 t5 Jty ii L2 tg 



(3.9) 



/3i 
71 



-(2 3)(4|5 + 6|7](1|5 + 6|4], 
(1 2)(3|4 + 5 + 6|7]. 
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We identify the four poles important to this cut as those factors in the denominator not 
annihilated by [^456,77]. These are (t^tf ' - t^), (t^tP -tf t^), which appear 

respectively (and uniquely) in the box functions Fjj^ , Fj^.J^ , F^^.^"" , These four 

poles are the Gk of the previous section. Now we apply our procedure to separate the cut 
into simple fractions. For example, to isolate the particular pole Go = (^5 ^2 ~ m ^2 )' 
we evaluate 

^first f t?^ 0{Go) \ ( tf 0{Go) \ ( {tftf-tftf)0{Go) 




([F456,r7]C456)-^* X 1 1 1 1 1 i • (3-10) 



Perform the "polynomial division" of section 2 on the numerator to separate the "extra" 
part proportional to Gq. It simplifies computations to perform the operations ( p.lOj) on 
each term of (|3.9|) separately, for only the poles that appear in that term. As long as the 
procedure is consistent for all poles in each term, it is valid. After all, we are multiplying 
by factors that appear in pairs that sum to 1. As long as the arguments Gk of H satisfy 
0'^{Gk) = 0, we can use any ones we like. 

The first check that our procedure is working is that ( |2.15D is satisfied: the "extra" 
parts from each of the four poles sum to zero. 

The remainder of (|3.10|) is found to be of the form 

-C5—^ — • (3.11) 

We now have our first coefficient, C5, and our second consistency check, because its conju- 
gate was already computed in [Q. Indeed, our result agrees: 

^ [1 2][2 3](4 5)(5 6)(6 7)(4|2 + 3|1](7|1 + 2|3]' ^' ' 

The other three coefficients calculated from ([-f456, ^]C'456)^'^^* are 67,^2,5, and g^. 



^^^^ (1 mfr 

(4 5)(5 6)(7 l)tP(7|l + 2|3](6|4 + 5|3]((4 2)tf + (2 3)(4|5 + 6|3]) ' 

(2 3)3(4|5 + 6|7]^ 

~ (3 4)(4 5)(5 6)[7 1](4|2 + 3|1]((4 2)tf + (2 3)(4|5 + 6|3])((5 6)(4|2 + 3|5] - (4 6)tP; 

(3.13) 

The expression for 67 was found, but by itself is too complicated to write here. We will 
have more to say on this presently. 
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The action of O on the second pole 1/(6 £2) similarly yields four coefficients: 



(3|1 + 2|7]^ 



97 



[7 1][1 2] (3 4) (4 5) (5 6)tP (6|7 + 1|2] ' 
0, 

((6 l)tf -(7 1)(6|4 + 5|7])3 



(3.14) 



[2 3](4 5)(5 6)(6 7)(7 1)(6|4 + 5|3](6|7 + 1|2]((4 6)t, 



6 



(4 5)(6|7 + 1|5]) 



The coefficient bj appears here too and agrees with the expression computed from the 
other term. Moreover, we can check two more relations among these coefficients. The box 
functions participating in this cut have some poles that do not appear in the integral. These 
are (t|f^ — ^4^') and (^4"^^ -^1- ( P-6|) then implies the two relations —67+04+^3^1 + (77 = 

and —67 + C5 + (i2,5 +6*5 = 0. We have checked that our coefficients do indeed satisfy these 
relations. In section 4, we will use the first relation to list 67 in terms of C4 and g^, but we 
must stress that we have computed it independently. 

To summarize, the cut C456 involves the ten coefficients seen in ( p.3| ). We have com- 
puted the seven that appear on the second line. Two of the coefficients of the first line 
are known from (|3.1|): Ci = ^2,2 = 0. The last coefficient, ^3^4, will show up in the cut we 
compute next. 

3.2. The Cut C712 

The cut C712 is given by 



C712 — Im|^[3]^Q {caF^^.^ + (^2,5-^7:2^5'' + '^3,7-^7:3^7''+ 

+^3-^7:T + Cl-^7:2^l'' + C7F^!^.j + d2,lF^!^.J^ + (^3, 4-^^7:3^ 4'' + fi'l-^7:2^2;l + fi'3-^7:2^2;3) " 



For this cut, there are three possible helicity assignments for ^i, £2- If we denote the helicity 
of (£1, £2) by the assignment on the amplitude A*''^^(£i, 7+, 1~, 2~, £2), these three cases are: 
(a) {£i,£2) = (+,-); (b) (£1,^2) = (+,-); (c) (£1,^2) = (+,+)• Notice that the assign- 
ment (^1, £2) = (— 5 — ) does not contribute, because the amplitude A^^'^'^{£^ , 7"*", 1~, 2~, 



Now let us discuss these three assignments. For cases (a) and (b), the particle circu- 
lating in the loop can be a gluon, fermion or complex scalar of the Af = 4 multiplet. Thus 



(3.15) 



vanishes. 
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the expression will bel 



+ (-4) I A*'--'^((-£i)±, n+, 1-, 2-, {-l2)^)A'^^^^^{lt. 3-, 4+, (n - 1) + , 

+ (+3) 1 rf^ n+, 1-, 2-, 3", 4+, [n - 1) + , £f ), 

(3.16) 

where (—4) counts the four fermions and (+3) counts the three complex scalars in the 
A/" = 4 multiplet. The supersymmetric Ward identity relates fermion and scalar MHV 
amplitudes to gluon MHV amplitudes by pT| , |T9| 

A{F,-,g},..,gr,...,F,t) = 'f!^A""-' (g^ , g+ , ....g- , ...,g:), 

We need to be careful about the ordering when £i, £2 are fermions. They should be ordered 
according to ( |3.16| ). If and F~ exchange positions in ( |3.17| ), there is an extra (— ) sign. 
Having taken care of the Af = A multiplet we haveil 



(a) + (b) _ 

p^[h nn^2 nfi?, h)^?, ^2r' 



dp- 



[n 1][1 2](3 4)(4 5)...((n - 2)(n - 1)) J " [i, n][2 t^Wt^ l^W^ 3)((n - ^2), 

(3.18) 

where 



/ (3£2m^\ ' / (3£2m^\ / (3 £2)^[^2 n]^ \ / (3 £2)^[^2 

^ (3|(n + l + 2)|n]^ 

~ [h n]2[£2 n]2(3 4)2(3 £2)2' 

(3.19) 



We use n for generality. In our particular example, n = 7. 
^ The ( — )^ sign comes from the left hand part since it is MHV. The rule to go from MHV to 
MHV is to exchange ( ) [ ] and multiply by (— )". 



15 



Making the substitution for p , we get 

r^(»)+(f') _ 

(3|(n + l + 2)|nf (-)H'(4'^)' f 1 



(43])4 [n 1][1 2](3 4)(4 5)...((n-2) (n - 1)) J ^ [h n][2 3)((n-l) £i) 



(3|(n + l + 2)|n 



4 



^^[3] ^4 [<^f23]lj-J-l- 



(3.20) 

Using the result of for Cj23, we can read out the contribution of the (a) + (6) part to 
the foUowing coefficients (with n = 7): 

^(a) + (6) ^ ^(a) + (6) ^ ^(a) + (6) ^ + ^ (3|(1 +2)|7]^ 

' ^ "'^ (tP)[7 1][12](3 4)(4 5)(5 6)(6|7+l|2]' 

Now we discuss the assignment (c) given by0 

C!,% ^ j A*'--((-£i)+, 7+, 1-, 2-, {-£2)^)A'^^%A+, 5+, 6+, ^2", 3") 

Notice that for the assignment (c), only gluons can propagate along internal lines. The 
first factor is again an MHV amplitude, so we can directly apply the general method of 

section 2. The second factor has the same helicity structure (+ + H ) that we saw 

in the previous cut, making this computation very similar to the the previous one. The 
coUinear operator acts on two poles, namely 1/(7 £1) and 1/(2 £2)- Each of the terms thus 
obtained involves four unique poles of the scalar box functions in ( |3.15| ). We apply the 
reduction procedure to produce the following coefficients (after again confirming ( p.l5|) , 
that all the "extra" pieces sum to zero). 

^(c) ^ (3|4 + 5|6f(l 2)3 

(7 1)(3 4)(4 5)tP4^^(2|7+l|6]((6 5)(7|1 + 2|6] - (7 5)4^V 

(c) ^ (1 2)3(7|5 + 6|4f 

' (5 6)(6 7)(7 1)[3 4](7|1 + 2|3]((7 2)tf + (2 1)(7|5 + 6|1])((6 5)(7|1 + 2|6] - (7 f>)tf) ' 
(c)_ (12)3[5 4]3 



C7 



tP(6 7) (7 1)[3 4](2|3 + 4|5](6|4 + 5|3] 



Jc) _ (1 2)^(2 3)3[5 6]3 

^3 ~ 



d 



(7 1)(3 4)(2|3 + 4|5](2|7 + 1|6]((7 1) (2|3 + 4|1] - 4'^^ 2))(4'''(2 4) - (3 4)(2|7+ 1|3]) 
(c) ^ (1 2)^(4^')^ 

^'^ (4 5)(5 6)(7 1)4^^(7|1 + 2|3](6|4 + 5|3](4''^(2 4) - (3 4) (2|7 + 1|3]) ' 

(3.22) 



Relative to assignments (a) and (b), there is an extra ( — ) sign. The reason is that for the 
assignment (c) the left hand side is MHV already, so we do not have the ( — )^ factor here. 
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and a complicated expression for 63 . Here, the analog of (|3.6| ) from the previous case is 
the same equation but with all indices shifted by +3. This is because box functions are 
oblivious to helicity. As before, there are two relations derived from the poles present in 
the box functions that do not appear in the cut integral. They are —63 + C7 + (is, 4 = and 
—bs + ci + d2,i + gi = 0. We have confirmed that both of these relations are satisfied. 

We now have explicit expressions for nine of the ten coefficients appearing in ( |3.15| ). 
The seven coefficients appearing in the second line, have just been computed by our re- 
duction method, and C4 and (i2,5 were evaluated in the previous cut. (We did find a 
contribution to C4 again in ( |3.21j ). But remember that the operator [-F7i2,^] gives no 
information about the coefficients in the first line of ( |3.15| ), because those box functions 

(c) 

are annihilated. Therefore c\ is undetermined, and we must take the result for C4 from 
the previous cut.) It is possible to find the single remaining coefficient, (is, 7, by imposing 
the finiteness of this cut. All cuts in three-particle channels are finite. This condition is 
discussed and derived in Appendix A. 

dsj = -2bs + 2C7 - 2C4 + 2^3,4 - d2,5 + 2^2,1 + ^3 + ^1- (3.23) 

Incidentally, now that we have computed ^3,4 explicitly, it is possible to test the finiteness 
of the cut C456 as a consistency check. This condition, derived similarly, is 

= -bj-Ci+C^ + ds- ^d2,2 + d2,5 + C^3,l - ^'^3,4 + ^95 + ^97- (3.24) 

3.3. The Cuts C567 And C234: Reflection Of Indices 

Knowing the contributions from the cuts C456 and C712, we can use reflection sym- 
metry of the indices to get the contributions from cuts C567 and C234 without further 
calculations. Under the reflection of indices 

a: 1^3, 4^7, 5^6, £1 ^ £2, (3.25) 

every possible helicity assignment of £1, £2 of, for example, cut C456 is mapped to a unique 
corresponding helicity assignment of ^1,^2 of cut C567 where the ordering is reversed. 
Recalling that the cut is given by multiplication of two tree-level amplitudes, where one 
has 5 legs and the other has 6, and using the identity 

^■--(l, 2, n) = (-)"<-^(n, 2, 1) (3.26) 
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we immediately get the following results. If the cut C456 is given by some function 
/(I, 2, 3, 4, 5, 6, 7), then the cut C567 is given by — /(3, 2, 1, 7, 6, 5, 4). Since the cut struc- 
ture determines the amplitude completely, the same reflection property holds for the am- 
plitude as well. Now, remember that the amplitude can be expanded into box functions as 
djFj, where Fj represents all the box functions. If the action of a on indices transforms 
Fk Ft^ we find immediately that at\ = —akla, where \o- means to act a on the gluon 
labels in the function a^. For our example, we have 

bi = -b7\a, 62 = -^elo-, ^>3 = -^>5|a, 64 = -64!^, 

Cl = — C2I0-7 C3 = — Cylo-, C4 = — Celo-, C5 = — Cslo-, 

9l = -95\a, 92 = -94\a, 93 = ~93\a, 9G = -97\a, (3.27) 

<^2,1 = — <^3,6|cr5 <^2,2 = — <^3,5|cr5 (^2,3 = ^ <^3,4|(T5 <^2,4 = " <^3,3|cr5 

(^2,5 = ~dz,2\ai (^2,6 = ~<^3,l|cr5 (^2,7 = ~dz,7\a- 

Applying this transformation to the coefficients we have already computed yields expres- 
sions for the following previously undetermined coefficients: 

bl-, 65, C3, Cg, (i2,35 '^2,7 C^3,2, (^3,65 fi'3- 

The explicit expressions are listed in section 4. 

3.4- Completion And Consistency Checks 

At this point we have succeeded in computing thirty-one of the coefficients. In princi- 
ple we could compute the remaining four coefficients by applying the same general method 
of section 2 to the remaining two cuts, i.e., C345 and C^n. 

The four coefficients we are missing are 62, h^, (i2,4 and ^3^3. 

From the condition that both C345 and C^-ji be finite, we obtain two equations: 

-66 + '^2,4 - \d^,^ = - C3 - C4 + C7 (^3,7 - ^ (-(^2,1 +94+ 9g) , 

1 ^ 1 (3.28) 

-62 - -^2,4 + C^3,3 = C3 - C6 - C7 - ^2,7 - ("(^3,6 + 92 + 97) ■ 

Therefore we are left with the problem of determining two coefficients, say 62 and Bq. 

Before we derive the remaining coefficients, let us make some observations about the 
known infrared singular behavior of one- loop amplitudes We have already found 



that in the final form of the amplitude all singular terms of the form 



-1 f-tf ) (3.29) 



£2 
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cancel for all z = 1,...,7. This is the statement that cuts in three-particle channels 
are finite. However, up to now we have not considered cuts in two-particle channels. It 
turns out that the singular behavior in these cuts is universal and produces a term in the 
amplitude of the form 



4-^°°P(l-,2-,3-,4+,5+,6+,7+)|iR = 
1 ' 



J2] 



i=l 



2", 3", 4+, 5+, 6+, 7+). 



(3.30) 



Note that this translates into seven equations our coefficients have to satisfy. 

Taking the terms of (|3.30|) involving the z = 5 singularity, we find that our coefficients 



have to satisfy the following equation (see Appendix A for details of the derivation): 

6i + 67 - C5 + ^ (-^2,5 + d2j - ds,2 + ds,7 ' Qi - 9^) = A^/"^ (1" , 2" , 3" , 4+, 5+, 6+, 7+). 

(3.31) 



This equation only involves known coefficients and is therefore a consistency check. 
The tree-level seven-gluon amplitude is given by 



A 



tree , 



l-,2-,3-,4+,5+,6+,7+) 



(2 3)(1|6 + 7|5](1|2 + 3|4]^ (2 1)(3|5 + 4|6](3|2 + 1|7]^ 



[2 3] (5 6) (6 7) (7 l)t^M^tf^ 



[2 1](6 5) (5 4) (4 3)t^^kfkP 



+ 



+ 



+ 



■6 -^J\" ^/\^ ^/\^ ^/"-T "-7 ''S 

[4 5](1 2)(3|1 + 2|7]((5 6)(3|1 + 2|6] + (5 7)(3|1 + 2|7]) 
[1 2] (4 5) (5 6) (6 7)tft^?tf 
[7 6](3 2)(1|3 + 2|4]((6 5)(1|3 + 2|5] + (6 4)(1|3 + 2|4]) 
[3 2] (7 6) (6 5) (5 ^)t^^hftf 
(1 2)(2 3)[4 5][6 7](((3 4)[6 4](1 6) - (1 7)[5 7](3 5)) + ((3 4)[7 4](1 7)) + ((1 6)[6 5](3 5)))" 



(l|2 + 3|4](3|2 + l|7]tp^ 
1 2] [2 3]4''4'k4 5) (5 6) (6 7) 



(3.32) 



With the help of a symbolic manipulation program, we have analytically verified the 
relation ( |3.31j ) . From the form of the seven-gluon tree amplitude ( |3.32| ) it is clear that this 
is an impressive check of our coefficients. 
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Now that we have checked our previous calculations, we can use two of the equations 
in ( |3.3UD that involve the unknown coefficients, i.e., 62 and bg, in order to find them. Take 
for example the equations derived from looking at the i = 4 and i = 7 terms in ( |3.30|) , 

66 + 67 - C4 - ^ (^2,4 - d2,6 + d3,l - ^3,6 + 9a + 9?) = A*7'"(l", 2", 3", 4+, 5 + , 6+, 7+^ 

1 



62 + 63 - C7 + - {d2,2 - d2J + ^3,2 - ^3,4 - ^73 - 97) = A^7"'(l", 2", 3", 4+, 5 + , 6+, 7+). 

(3.33) 

These two equations give 66 and 62 in terms of known coefficients respectively. They are 
expressed as 

66 = A^/^<^(1-, 2", 3-, 4+, 5+, 6+, 7+) - 67 + C4 + ^ (^2,4 - d2fi + ^3,1 - ^3,6 + ^74 + 97) , 

62 = At/-(1-, 2-, 3-, 4+, 5 + , 6+, 7+) - 63 + C7 - ^ (^2,2 - d2J + ^3,2 - ^3,4 - ^3 " 97) ■ 

(3.34) 

Finally, using these expressions for 62 and 65 in the two equations in ( |3.28|) , we solve 
for (i2,4 and ^3^3 to find 

^2,4 = 2^*/^" - 264 - 265 + Ci2,2 - ds,4 + d3,6 + 95, 

(3.35) 

^3,3 = 2A*/"" - 264 - 263 + ds,5 - d2,3 + d2,l + 91- 

This completes the list of all thirty-five coefficients in the one-loop seven-gluon am- 
plitude. 

Now we use the remaining equations derived from the infrared structure ( |3.3U| ) as 
further consistency checks of our coefficients. We successfully checked that the equations 
for z = 1, 2, 3, 6 are satisfied. 

In the next section we summarize our results. 



4. The Full Amplitude ^7.1(1-, 2", 3", 4+, 5+, 6+, 7+) 

Here we summarize all results for A7-i{l~ , 2~, 3~, 4+, 5"*", 6"*", 7"*") that were scattered 
through the previous sections into one complete form, so that a reader interested only in 
results can skip all derivations. The amplitude is 

77 7 

A7;i(l-, 2-, 3-, 4+, 5+, 6+, 7+) = ^.^t-T + E ^^-^7:^/ + E ^2,.i^7-^/ 

(4.1) 

7 7 ^ ^ 
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A few remarks must be made before we list the thirty-five coefficients. Twenty-five of them 
have exphcit forms. Four of them (61,63,65,67) are expressed in terms of the twenty-five 
exphcit ones. We stress that we calculated them independently but are abbreviating them 
for convenience only. The last six coefficients were derived in terms of the others in the 
following order: ^2,7, daj, 62, be, d2,4, c^3,3- 

First we recall our conventions and make a couple of convenient definitions: 

2pi -Pj = {i j], 

= (Pi+Pi+l H +Pi+r-lf, 

{i\jr+jr+i H \-js\k] = {i jr)[jr k] + {i >+i)[jV+i k] -\ \- {i js)[i is], 

(3|1 + 2|7]^ 



^1 = 
82 = 



tf[I 1][1 2](3 4)(4 5)(5 6)(6|7+1|2]^ 
(1|3 + 2|4]^ 



[4 3] [3 2](1 7) (7 6) (6 5)(5|4 + 3|2]" 
Here is the list of the thirty-five coefficients. 

61 = C6 + ^6, 

62 = A^'''"' - 63 + C7 - ^(^2,2 + ^"^2,7 - ^4,2 + + ^5*3 + ^97 

h = 9i + d2,i, 

64 = ^IJ-J (4.3) 

^ [12][2 3](4 5)(5 6)(6 7)(4|2 + 3|1](7|1 + 2|3]' ^ ^ 

h= 95 + C?3,6, 

be = A*"^"" - 65 + C3 - ^^3,5 + ^dsj - ^d2,5 + ^d2,3 + ^93 + ^96, 
67 = C4 + 97- 

Cl = 0, 

C2 = 0, 

(2 3)3 [6 7]^ 



C3 



t jf ^ (3 4) (4 5) [7 1] (2 1 7 + 1 1 6] (5 1 6 + 7 1 1] 

C4 = -Si 

it'?)' 



C5 



[1 2] [3 2] (4 5) (7 6) (5 6)(4|2 + 3|1](7|2 + 1|3] 

C6 = 'S'2 

(2 1)3[5 4]3 



C7 



(4.4) 



4^^(1 7) (7 6) [4 3](2|4 + 3|5](6|5 + 4|3] 
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(7 1)(3 4)(4 5)ti;^Jt^"J(2|7+ 1|6]((6 5)(7|1 + 2|6] - (7 5)ti;^) 



[1 2] [2 3] (4 5) (5 6) (6 7)(4|2 + 3|1](7|1 + 2|3] ' 

(3 2)^{tPr 

(3 4)(5 6)(6 7)4'^(4|2 + 3|1](5|6 + 7|1](4''^(2 7) - (1 7)(2|3 + 4|1]) 
2^*-^ - 264 - 265 + d2,2 - ds,4 + ds,6 + 95 

(1 2)Htfr 

(4 5)(5 6)(7 1)4'^(7|1 + 2|3](6|4 + 5|3]((4 2)tf + (2 3)(4|5 + 6|3]) 


-265 + 2C3 - 2C6 + 2d2,3 - d3,2 + 2^3,6 + 93 + 95- 



0, 

(3 2ntPr 

(7 6)(6 5)(4 3)4'^(4|3 + 2|1](5|7 + 6|1]((7 2)4'^ + (2 1)(7|6 + 5|1]) 

2^^-^- - 264 - 263 + (i3,5 - d2,3 + d2,i + 91 

(1 2)^(4'^ 

(4 5)(5 6)(7 1)4'^(7|1 + 2|3](6|4 + 5|3](4^](2 4) - (3 4)(2|7 + 1|3]) 

[1 2][2 3](4 5)(5 6)(6 7)(4|2 + 3|1](7|1 + 2|3] ' 

(l|7 + 6|5f(3 2)3 

(4 3)(1 7)(7 6)4']4'1(2|4 + 3|5]((5 6)(4|3 + 2|5] - (4 6)4^1) 

-263 + 2C7 - 2C4 + 2^3,4 - d2,5 + 2^2,1 +93 + 91 
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(1 2)3(7|5 + 6|4] 

91 - 



(5 6)(6 7)(7 1)[3 4](7|1 + 2|3]((7 2)4'' + (2 1)(7|5 + 6|1])((6 5)(7|1 + 2|6] - (7 5)4'^) 
92 = 

(1 2)3(2 3)3[5 6]3 



93 



(7 1)(3 4)(2|3 + 4|5](2|7 + 1|6]((7 1)(2|3 + 4|1] - 4''(7 2))(4'''(2 4) - (3 4)(2|7 + 1|3]) 
(74 = 

(3 2)3(4|6 + 5|7]^ 

(6 5)(5 4)(4 3)[1 7](4|3 + 2|1]((4 2)4'] + (2 3)(4|6 + 5|3])((5 6)(4|3 + 2|5] - (4 6)4'^) 
((5 3)4'] -(4 3)(5|6 + 7|4])3 



95 



96 



97 



[1 2](3 4)(4 5)(5 6)(6 7)(5|6 + 7|1](5|3 + 4|2]((7 5)4^' - (7 6)(5|3 + 4|6]) 

((6 1)4'^- (7 1)(6|5 + 4|7])3 



[3 2](1 7)(7 6)(6 5)(5 4)(6|5 + 4|3](6|1 + 7|2]((4 6)4'^ - (4 5)(6|1 + 7|5]) 
We repeat here the tree-level amplitude for the reader's convenience. 

^tree^^-^2-,3-,4+,5+,6+,7+) 

(2 3)(1|6 + 7|5](1|2 + 3|4]' (2 1)(3|5 + 4|6](3|2 + 1|7]' 



(4.7) 



+ 



+ 



+ 



[2 3] (5 6) (6 7) (7 1)4''4^'4^^ [2 1](6 5) (5 4) (4 3)4''4'^^4^^ 
[4 5](1 2)(3|1 + 2|7]((5 6)(3|1 + 2|6] + (5 7)(3|1 + 2|7]) 
[1 2] (4 5) (5 6) (6 7)4^14^14'] 
[7 6](3 2)(1|3 + 2|4]((6 5)(1|3 + 2|5] + (6 4)(1|3 + 2|4]) 
[3 2] (7 6) (6 5) (5 4)4''4'^4^^ 
(1 2)(2 3)[4 5][6 7](((3 4)[6 4](1 6) - (1 7)[5 7](3 5)) + ((3 4)[7 4](1 7)) + ((1 6)[6 5](3 5))) " 

(4 5)(6 7)4^]4^]4^14^1 

(l|2 + 3|4](3|2 + l|7]tp' 



[1 2] [2 3]4''4'k4 5) (5 6) (6 7) 



(4.8) 

We have written the tree amplitude so that every bracketed expression changes sign 
under the index shift 1 ^ 3, 4 ^ 7, 5 ^ 6. This is the reflection symmetry made manifest. 
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Appendix A. Box Functions and Divergence Analysis 

The scalar box functions used in this paper are the following: 



nlm 



1 



Mi)-^ + (-€2)-^-(-€3) 



[2] 

i-2J 



^[3] 



+ Lio 1 - 



J3] 
.[2] 



+ Lio 1 - 



.[3] 

.[2] 
''i-2. 



1 , . Ml 



+ 



It 



(A.l) 



r'2m e 



+ Lis 1 



+ Lis 1 



r] 



[r+1] 



i-1 

[r+2] 

i-1 



t. 
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The dilogarithm function is defined by Lis(x) = — ln(l — z)dz/z. Now we specialize to 
seven gluons and discuss the infrared singular structure of the one-loop amplitude. Recall 
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that the seven-gluon amphtude is written as a sum of scalar box functions as in ( |3.1| ) . The 
box functions contain divergences when e ^ of the form 
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remembering that ti = t -_^^ for seven gluons, by momentum conservation. 



Now it is clear that the divergent structure of the seven-gluon amplitude takes the 



form 
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where ai and (3i are linear combinations of the coefficients in (|3.1| ) . The ai and (3i appear 
in the body of the paper. Here we describe how to compute them from the box functions, 
taking as as an example. 

The infrared behavior of the box functions contributing to are as follows. 
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Collecting all the terms with , we find that 



^5 = ^1 + ^7 - C5 - ^d2,5 + ^d2J - ^f^3,2 + ^dsj 



^95- 



Similar calculations give expressions for the f3i 
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Appendix B. Constructing a General Next-to-MHV Amplitude 

Here we flesh out the claim that our method can compute all next-to-MHV ampli- 
tudes (i.e. those with exactly three negative helicities, in arbitrary positions). In section 
2 we already argued that all next-to-MHV amplitudes have the property, required for our 
method, that one of the tree-level amplitude factors in the cut integral ( ^.2| ) is MHV. But 
to calculate the amplitude, we must be sure that we can determine each coefficient in 
from one of these cuts. 

To see that this is correct, consider the scalar box function associated to each co- 
efficient. To be able to determine the coefficient by our method, the box function 
must have the property that it appears in some cut Ci^i+i^,,,j, where the amplitude 
A^^^'^{{—ii),i,i + — (— £2)) is MHV, but is not annihilated by all operators 

[FkirmV] where i < kj,m < j. (The operator [FkirmTj] annihilates box functions where 
gluons k,l,m are attached to the same corner of the box.) 

One-mass scalar box functions appear in only one cut (disregarding cuts in two-particle 
channels). See Figure 2. The cut has three gluons, say k, I, m, on one side. Since the tree- 
level amplitude on that side has five particles, it is MHV (unless it vanishes). The box 
function appears in the cut Ckim and is not annihilated by the operator [FkirmV]: so the 
coefficient can be calculated by this operator acting on this cut. 

The remaining scalar box functions can be analyzed as a group. For this general 
analysis, we should consider the cuts indicated in Figure 2, to be sure that there are 
at least three gluons on each side. There are two cases. Case (a): If all three of the 
negative-helicity gluons appear on the same side of the cut, then the opposite side must 
be MHV (or vanish). We can choose /c, l,m from that side such that they are not all on 
the same corner of the box. Case (b) : If there are two negative-helicity gluons on one side 
of the cut, and one on the other, then the sides will alternately be MHV, depending on 
the helicity assignments of the cut propagators. In any case it is possible to choose three 
gluons k, 1,171 from the MHV side that are not all on the same corner of the box. The 
operator [-FfcZm,^] then can be used to analyze the cut in question without annihilating 
the scalar box function. The three cases (bl), (b2), (b3) would suggest using two separate 
operators, depending on which side of the cut is MHV. In fact, a single one of them will 
suffice to determine the coefficient of a particular box function. 
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F^{lm} F^{2m,e} F^{2m,h} F^{3m] 




Fig. 2: Cuts of a general next-to-MHV amplitude. The first row shows cuts, 
for each type of scalar box function, that are guaranteed to have at least three 
gluons on each side. The second row illustrates, for two-mass and three-mass box 
functions, how to identify one side or the other as an MHV tree amplitude, so that 
a suitable operator can be chosen to calculate the coefficient. 
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